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Abstract
Locally connected continua which admit monotone maps onto graphs are characterized. A notion of a G-structure is introduced
for any graph G as a generalization of a linear or circular chain (of arbitrary finite length) cover of a continuum by its subcontinua.
It is proved that a locally connected continuum X has a G-structure iff G is X-like. We show that any nondegenerate locally
connected continuum has an arc-structure or a circle-structure. We find some invariants of the likeness relation.
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1. Preliminaries
All spaces in the paper are metric separable and all maps are continuous. Recall that a monotone map is a map
with connected preimages of connected sets. If  > 0, then f :X → Y is an -map if f is a surjection such that
diamf−1(y) <  for every y ∈ Y . We say that X is Y -like and write X  Y if for any  > 0 there exists an -map
f :X → Y . The notion of -map is 80-years old and was used by Aleksandrov [1] to characterize dimension of
compact spaces. The relation  between compact spaces is a quasi-order and it was studied long ago (see, e.g.,
[9,12–16]) and more recently [5,7]. Our paper contributes to the investigations mainly in the realm of locally connected
continua. We also reveal some natural connections between the order , special covers by subcontinua and monotone
maps.
A collection C of sets is essential if no member of C is contained in the union of other members of C. Denote by
B(Z, ) the open -ball around a subset Z of a space X, and let d(x,Z) = inf{d(x, z): z ∈ Z}, where d is the metric
in X.
Lemma 1. Let {K1, . . . ,Kn} be an essential family of compact subsets of a space X. Then there is  > 0 such that
for every -map f :X → Y the family {f (K1), . . . , f (Kn)} is essential with the same combinatorial structure, i.e.
Ki1 ∩ · · · ∩Kik = ∅ ⇔ f (Ki1)∩ · · · ∩ f (Kik ) = ∅ for i1, . . . , ik  n.
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2032 D. Cichon´ et al. / Topology and its Applications 155 (2008) 2031–2040Proof. Note that by compactness there is δ > 0 such that for any sets K ′1, . . . ,K ′n with Ki ⊂ K ′i ⊂ B(Ki, δ)
we have Ki1 ∩ · · · ∩ Kik = ∅ ⇔ K ′i1 ∩ · · · ∩ K ′ik = ∅. Pick up points xi ∈ Ki \
⋃
j =i Kj , i = 1, . . . , n. Then
 = min({d(xi,⋃j =i Kj ): i = 1, . . . , n} ∪ {δ}) satisfies the conclusion. 
A continuum X is indecomposable if it is not the union of two of its proper subcontinua; X is hereditarily in-
decomposable if every subcontinuum of X is indecomposable. X is 2-indecomposable if X is the union of two
indecomposable proper subcontinua and it cannot be represented as the essential union of more subcontinua. A con-
tinuum is unicoherent if it is not the union of two subcontinua with non-connected intersection; a non-unicoherent
continuum is also called multicoherent. A curve is a 1-dimensional continuum. A continuum X is regular if X has a
basis of open subsets with finite boundaries; X is totally regular if for every countable subset D there exists a basis
of open subsets with finite boundaries omitting D. It is known [4] that X is totally regular if and only if every nonde-
generate subcontinuum of X contains uncountably many local separating points of X (a subset A of a continuum X
locally separates X if there is a connected neighborhood U of A in X such that U \ A is not connected). A con-
tinuum X is Suslinian if each collection of disjoint nondegenerate subcontinua of X is countable. An arc (a simple
closed curve) is a space homeomorphic to the unit interval I (the unit circle S1). A graph is a space homeomorphic
to a 1-dimensional polyhedron. A tree is a graph containing no simple closed curve. A k-od is a connected tree with
exactly one branch point and k end-points (k > 1; an arc is a 2-od).
2. Monotone maps and the likeness relation
It is known [5,7] that if G1 and G2 are connected graphs, then G1 G2 if and only if there exists a monotone map
from G2 onto G1. It is also easy to see that any graph G can be monotonely mapped onto the unit interval I or onto
the circle S1 (depending on whether or not G contains a separating free arc). Rogers proved the following theorem
in [15].
Proposition 2. If a curve X is a monotone image of a locally connected continuum Y , then X  Y .
In view of Proposition 2, the following problem seems to be interesting.
Problem 3. Determine which locally connected continua admit a monotone map onto a curve.
We are going to characterize those locally connected continua which admit a monotone map onto a graph.
Theorem 4. A locally connected continuum X can be monotonely mapped onto a graph if and only if X contains
uncountably many disjoint local separating subcontinua.
Proof. If f :X → G is a monotone map onto a graph G then, since uncountably many points y ∈ G locally sepa-
rate G, the fibers f−1(y) locally separate X.
Assume that there exists an uncountable family {Cα}α∈A of disjoint subcontinua which locally separate X and let
B be a countable basis of open connected subsets of X. For each α ∈ A, there is a connected open neighborhood
Uα of Cα which is separated by Cα . Let U ′α be the union of a finite cover of Cα by elements of B contained in Uα .
Then U = {U ′α}α∈A is a countable family of connected open neighborhoods of Cα separated by Cα . Hence, there is
U ∈ U such that uncountably many Cα’s are contained in U and separate U . Again, since B is countable, we can find
B1,B2 ∈ B such that uncountably many Cα’s separate U between B1 and B2. The family of the latter continua Cα , if
considered as an uncountable subset of the hyperspace C(X) of all non-empty subcontinua of X with the Hausdorff
metric dH , contains a subfamily C which is dense-in-itself in C(X) (by the Cantor–Bendixson Theorem). Now, we
construct a Cantor set K ⊂ C(X) such that
(1) C ∩ K is dense in K,
(2) ⋃K ⊂ U ,
(3) each two different K1,K2 ∈ K are disjoint.
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open connected neighborhoods U0 of C00 and U1 of C10; we can assume that U0,U1 ⊂ U , U0 ⊂ B(C00,1) and U1 ⊂
B(C10,1). Since C is dense-in-itself, there are C01,C11 ∈ C such that C01 ⊂ U0 and C11 ⊂ U1 and dH (C00,C01) < 1
and dH (C10,C11) < 1. In the next step, we get four disjoint open connected neighborhoods Uij of Cij such that
U00,U01 ⊂ U0, U10,U11 ⊂ U1 and Uij ⊂ B(Cij , 12 ), for i, j ∈ {0,1}. We continue this standard inductive binary
construction and define K as the closure (in C(X)) of the collection of the chosen elements of C. The properties (1)–(3)
easily follow from the construction. Moreover, it is clear that every element of K separates U between B1 and B2.
The quotient space Y = X/K obtained by shrinking elements of K to points is a locally connected continuum with
uncountably many local separating points and with the monotone quotient map q . Consider Whyburn’s upper semi-
continuous decomposition D of Y such that each D ∈ D is a maximal subcontinuum of Y containing at most countably
many local separating points of Y (see [19]) and denote its quotient map by f . Each nondegenerate subcontinuum
of the decomposition space Z = Y/D contains uncountably many local separating points of Z, hence Z is a totally
regular curve. It was proved by Buskirk, Nikiel and Tymchatyn [4] that any totally regular curve admits a monotone
map g onto a graph. Consequently, the map gf q is a monotone map from X onto a graph. 
Corollary 5. No Suslinian locally connected continuum with countably many local separating points can be mono-
tonely mapped onto a graph.
As an illustration of Corollary 5, one can consider the Sierpin´ski triangular curve (gasket) T which admits no
monotone map onto a graph. It turns out however that both the interval I and the circle S1 are T -like (see Section 4).
It means that Proposition 2 cannot be reversed even for regular curves.
The assumption of being Suslinian in Corollary 5 is essential as the example of the Sierpin´ski plane universal curve
(carpet) indicates (indeed, shrinking to points the boundaries of the complementary domains of this curve we obtain
a disc; therefore this curve can be monotonely mapped onto an arc). It also shows that in Theorem 4 the condition
of containing uncountably many local separating disjoint subcontinua cannot be replaced by containing uncountably
many local separating points.
3. G-structures and the likeness relation
Definition 6. Let G be a connected graph. A continuum X has a G-structure if for every  > 0 there are a (essen-
tial) cover CG = {L1, . . . ,Ln} of G by connected subgraphs Li and an essential cover CX = {C1, . . . ,Cn} of X by
nondegenerate subcontinua Ci satisfying the following conditions for distinct i, j, k ∈ {1, . . . , n}:
• diamLi < ,
• Ci ∩Cj = ∅ ⇔ Li ∩Lj = ∅,
• |Li ∩Lj | 1,
• Li ∩Lj ∩Lk = ∅,
• Ci ∩Cj ∩Ck = ∅.
Remark 7. In the case where X is a locally connected continuum, we can assume that continua Ci are locally con-
nected as well. Indeed, by compactness there is δ > 0 such that for any sets C′1, . . . ,C′n with Ci ⊂ C′i ⊂ B(Ci, δ)
we have C′i1 ∩ · · · ∩ C′ik = ∅ ⇔ Ci1 ∩ · · · ∩ Cik = ∅. Therefore we may slightly enlarge all Ci ’s to make them lo-
cally connected continua. Namely, take a finite δ-cover D of X by locally connected continua and put C′i =
⋃{D ∈
D: D ∩Ci = ∅} (the existence of D follows from the existence of a map of [0,1] onto X [8, p. 257]). 
We get the simplest G-structures for G = I or G = S1. The I -structure (S1-structure) on X just means that CX is
a linear chain (circular chain, respectively). The covers by linear chain of arbitrary finite length were studied earlier
by Spyrou [17,18]. It is an easy exercise to show that S1 does not have an I -structure and I has not an S1-structure.
One can also see that the cube In and sin 1
x
-curve have I -structures while the annulus has both I and S1-structures.
One should not confuse a G-structure on X with X being a G-like continuum. For example, each indecomposable
chainable continuum is I -like but has no I -structure. A relationship between G-structures and the likeness relation is
established in the next theorem.
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is left to the reader.
Lemma 8. Let G be a nondegenerate connected space, X a locally connected continuum and let distinct points
g1, . . . , gk ∈ G and x1, . . . , xk ∈ X be given. Then there is a surjection f :G → X such that f (gi) = xi for each
i ∈ {1, . . . , k}.
Theorem 9. If X is a locally connected continuum and G is a connected graph, then X has a G-structure if and only
if GX.
Proof. Assume X has a G-structure described in Definition 6 with locally connected continua Ci (see Remark 7)
for 2 > 0. If Li ∩ Lj = {lij } for i = j , then pick a point cij ∈ Ci ∩ Cj . If Li intersects subgraphs Lij1, . . . ,Lijk
at points lij1, . . . , lijk , respectively, then the corresponding points cij1, . . . , cijk belong to Ci and, by Lemma 8, there
is a surjection gi :Li → Ci such that gi(lijs ) = cijs (s = 1, . . . , k). The union of maps gi for i = 1, . . . , n defines a
surjection g :G → X which is an -map.
Assume now that GX. Let  > 0 and a cover CG = {L1, . . . ,Ln} of G satisfying Definition 6 be given. We can
additionally assume that elements of CG are so small that no three of them form a cycle, i.e., for each mutually distinct
i, j, k, one of the intersections Li ∩ Lj , Lj ∩ Lk and Lk ∩ Li must be empty. There exists an 1-map f :G → X
for 1 = min({d(Li,Lj ): Li ∩ Lj = ∅} ∪ { 2 }). Define Ci = f (Li) for i = 1, . . . , n and observe that the cover CX ={C1, . . . ,Cn} of X satisfies Definition 6. 
Proposition 10. If there is a monotone map from a continuum X onto a graph G, then X has a G-structure.
Proof. Let f :X → G be a monotone surjection. It is enough to observe that, for each  > 0, G can be subdivided
into graphs L1, . . . ,Ln of diameters <  such that Definition 6 is satisfied with Ci = f−1(Li) for i = 1, . . . , n. 
In view of Theorem 9 and Proposition 10, it is natural to ask if every nondegenerate locally connected continuum
has a G-structure for some graph G and since each graph can be monotonely mapped onto I or S1, one can ask
just about an I -structure or an S1-structure. Theorem 11, which is one of the main results of the paper, provides an
affirmative answer.
Theorem 11. Each nondegenerate locally connected continuum X has an I -structure or an S1-structure; equivalently,
I X or S1 X. Specifically,
(1) if X contains a non-local-separating proper subcontinuum, then X has an I -structure;
(2) if each point of X locally separates X, then X is a totally regular multicoherent curve which is the countable
union of arcs and has an S1-structure.
Proof. Assume X contains a non-local-separating subcontinuum K = X. First note that every locally connected
continuum is the union of a finite family of locally connected subcontinua with arbitrarily small diameters [8, p. 257]
and the union of elements of the family that intersect a continuum A ⊂ X is a locally connected continuum which is
a neighborhood of A.
Put Y0 = X. There is a locally connected proper subcontinuum Y1 of Y0 with K ⊂ intY1. Note that Y1 \ K is con-
nected (hence arcwise connected as well). Moreover, there is a continuum Z1 ⊂ Y1 \K with bdY1 ⊂ Z1. Indeed, let D
be a finite family of subcontinua of Y1 with diameters less than 13d(K,bdY1) such that Y1 =
⋃D. Let D1, . . . ,Dk be
those elements of D which intersect bdY1. Take arcs Lj ⊂ Y1 \K joining Dj and D1 and put Z1 =⋃kj=1(Dj ∪Lj ).
Next we take a locally connected continuum Y2 ⊂ Y1 \ Z1 with K ⊂ intY2 and a continuum Z2 ⊂ Y2 \ K with
bdY2 ⊂ Z2. Continuing this procedure we get, for any n ∈N, a decreasing sequence of continua Y0 = X ⊃ Y1 ⊃ Y2 ⊃
· · · ⊃ Yn−1 and continua Zi ⊂ Yi \ Yi+1 with bdYi ⊂ Zi . Finally, for i = 1, . . . , n − 1 put Ci = (Yi−1 \ Yi) ∪ Zi and
Cn = Yn−1. It is not hard to verify that {C1, . . . ,Cn} is a chain cover of X by subcontinua.
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ably many local separating points of X, X is a totally regular curve [4]. It is multicoherent because unicoherent locally
connected curves are dendrites and dendrites have end-points which are not local separating points.
Let {U1,U2, . . .} be a basis of open connected subsets of X and let D = {d1, d2, . . .} be a dense subset of X. For
each triple i, j, k ∈N, denote by Lijk an arc with end-points di, dj such that Lijk ⊂ Uk if such an arc exists; if not—
put Lijk = ∅. Take an arbitrary point x ∈ X and Uk such that x ∈ Uk and Uk \ {x} is not connected. There are points
di , dj which belong to different components of Uk \ {x}. Then the arc Lijk contains x. Thus X =⋃i,j,k∈NLijk .
We can now find an S1-structure on X using the classical technique of cyclic elements (see [8] or [20]). Recall that
a cyclic element of a locally connected continuum X is either a separating point of X or the maximal subcontinuum C
such that no point of C separates C; equivalently, C is the union of all simple closed curves in X that contain a
given point. Observe that in our case X must contain a nondegenerate cyclic element C (otherwise X would be a
dendrite). By the Baire Category Theorem there is a free arc L ⊂ C. Then the set C \ L is connected. The arc L
can be partitioned into arbitrary finite number of subarcs so that, together with the continuum C \L, they form a
circular chain covering C. By Theorem 9, S1  C. Since X can be monotonely retracted onto its cyclic element C,
we conclude by Proposition 2 that C X, hence S1 X which means that X has an S1-structure.
An alternative proof that X has an S1-structure can be based on the fact that, as a totally regular curve, X is the
inverse limit of graphs with surjective monotone bonding maps [4]. Observe that infinitely many of the graphs must be
cyclic because otherwise X would be a tree-like locally connected continuum, so a dendrite. Therefore the projection
of X onto a cyclic graph G of that inverse sequence is a monotone map. Composing the projection with a monotone
map of G onto S1 we get a monotone map of X onto S1 and apply Proposition 10. 
Remark 12. A special case of Theorem 11 (in terms of linear chains of subcontinua) for X containing a non-local-
separating point appears in another context in [17]. The idea of constructing an I -structure and defining corresponding
-maps can be traced back to [9], where it is shown that a locally connected continuum X containing a Euclidean open
ball of dimension at least 2 as an open subset of X is an image of I under -maps for every  > 0.
Corollary 13. A nondegenerate locally connected continuum X has an I -structure in any of the following cases.
(1) X is unicoherent;
(2) X is not a totally regular curve;
(3) X is not the union of countably many arcs.
It was proved by Burgess [3] that an arc-like continuum is indecomposable or 2-indecomposable if and only if it is
circle-like. Thus, as an interesting corollary to Theorem 11, we obtain the following characterization of such continua.
Corollary 14. A continuum Y is arc-like and either indecomposable or 2-indecomposable if and only if Y  X for
each nondegenerate locally connected continuum X.1
In view of Corollary 14, it is good to recall the following fact about the pseudo-arc P (a continuum is homeomor-
phic to P if and only if it is arc-like and hereditarily indecomposable) [10].
Fact 15. If X is a nondegenerate continuous image of the pseudo-arc P , then P X.
We can ask if the pseudo-arc is the only continuum that enjoys the property.
Problem 16. Assume Y is a nondegenerate continuum such that for each continuous image X of Y we have Y X.
Is Y a pseudo-arc?2
1 This fact has been known for polyhedra X (see, e.g., [11, p. 309]).
2 A very similar question was posed by W. Lewis in [11, Question 13, p. 306]. In the discussion with the second author, E.D. Tymchatyn also
asked if the Knaster buckethandle can be taken as Y .
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Fig. 2. Each point locally separates.
Fig. 3. A cyclic element, each point locally separates.
Observation 17. If Y is a nondegenerate continuum such that for each continuous image X of Y we have Y X, then
Y is arc-like and indecomposable.3
Proof. Since both I and S1 are continuous images of Y , Y is arc-like and circle-like, so it is indecomposable or
2-indecomposable by the Burgess’ characterization. Suppose Y is 2-indecomposable and let Y = A∪B , where A and
B are indecomposable proper subcontinua of Y . Arc-like continua are unicoherent, so C = A∩B is a continuum and
we have Y/A = B/C. The quotient map f :B → B/C is monotone, so the continuum B/C is indecomposable. Then
Y/A is an indecomposable continuous image of Y , hence Y  Y/A. To see that this is impossible, pick up points
a ∈ A \B and b ∈ B \A, take  = min{d(a,B), d(b,A)} and let g :Y → Y/A be an -map. Then g(A) and g(B) are
proper subcontinua of Y/A whose union is Y/A. 
4. The Stone’s conjecture revisited
There are many locally connected curves which are not graphs and have both an I -structure and an S1-structure.
Three examples are pictured in Figs. 1–3. In view of Theorem 11, it is important to recognize those locally connected
continua which have exactly one of the two basic structures. We do not know satisfactory solutions. A characterization
of hereditarily locally connected continua which do not have I -structure can be found in [18] but it seems to be very
complicated. It was proved in [9] that, for any continua X, Y , if X  Y and Y is unicoherent, then X is unicoherent.
By Theorem 11, this yields the following corollary.
3 This observation also appeared without proof in [11, p. 306].
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Almost 60 years ago, A.H. Stone (see [6]) conjectured that, for each n > 1, any multicoherent locally connected
continuum can be covered by an n-element circular chain of its subcontinua; in other words, the continuum would
have an S1-structure. Dickman [6] proved the conjecture for weakly finitely multicoherent continua (X is weakly
finitely multicoherent if it is multicoherent but for each decomposition X = A∪B into two proper subcontinua A,B ,
the intersection A∩B has a finite number of components).
Fact 19. Each weakly finitely multicoherent locally connected continuum has an S1-structure (they can have an I -
structure, too).
Stone’s conjecture is false in general—a counterexample was given in [2].
It seems that Theorem 11 may be regarded as another partial positive answer to Stone’s conjecture.
5. Characterizations of I - and S1-structures
The following characterizations are not very far from the definitions of I - or S1-structures but they are helpful in
determining the structures of some concrete examples.
Theorem 20. A continuum X has an I -structure if and only if, for each n > 1, there exist disjoint, separating subcon-
tinua C1, . . . ,Cn of X such that X \Ck = Ak ∪Bk , where Ak,Bk are non-empty, disjoint and open subsets of X such
that C1 ∪ · · · ∪Ck−1 ⊂ Ak and Ck+1 ∪ · · · ∪Cn ⊂ Bk , k = 1, . . . , n.
Proof. ⇒ Take a linear chain {K1, . . . ,Kd} of subcontinua covering X with d > 2n and let Ck = K2k for k = 1, . . . , n.
Since each element of the chain, except the first and the last ones, separates X, we have X \ Ck = Ak ∪ Bk for
Ak = (K1 ∪ · · · ∪ K2k−1) \ K2k and Bk = (K2k+1 ∪ · · · ∪ Kd) \ K2k , k = 1, . . . , n. It follows that C1 ∪ · · · ∪ Ck−1 =
K2 ∪ · · · ∪K2k−2 ⊂ Ak and Ck+1 ∪ · · · ∪Cn = K2k+2 ∪ · · · ∪K2n ⊂ Bk .
⇐ Assume C1, . . . ,Cn satisfy the conditions of the theorem. We define a linear chain {K1, . . . ,Kn} of subcontinua
covering X by putting K1 = A1 ∪C1, K2 = (A2 \A1)∪C2, . . . ,Kn−1 = (An−1 \An−2)∪Cn−1, Kn = (An \An−1)∪
Cn ∪Bn. A straightforward verification is left to the reader. 
Theorem 21. A continuum X has an S1-structure if and only if, for each n > 1, there exist disjoint, non-separating
subcontinua C1, . . . ,Cn of X such that X \ (Ck ∪ Cl) = Akl ∪ Bkl , where Akl and Bkl are non-empty, disjoint, open
and connected subsets of X, for 1 k < l  n, and if l − k  2, then Ck+1 ∪ · · · ∪Cl−1 ⊂ Akl and C1 ∪ · · · ∪Ck−1 ∪
Cl+1 ∪ · · · ∪Cn ⊂ Bkl .
Proof. ⇒ Take a circular chain {K1, . . . ,Kd} of subcontinua covering X with d > 4n. For each p = 1, . . . , d , denote
by Sp the component of X\Kp which contains the continuum Kp+2∪· · ·∪Kd ∪K1∪· · ·∪Kp−2. For k = 1, . . . , n, put
Ck = X \ S4k . Continua K1,K2,K3,C1,K5,K6,K7,C2, . . . ,Kd form a modified circular chain covering X in which
Ck’s do not separate X. If 1 k < l  n, then X\(Ck ∪Cl) = Akl ∪Bkl , where Akl = (K4k+1 ∪· · ·∪K4l−1)\(Ck ∪Cl)
and Bkl = (K1 ∪ · · · ∪ K4k−1 ∪ K4l+1 ∪ · · · ∪ Kd) \ (Ck ∪ Cl). All required properties of so defined sets are easy to
check.
⇐ Put Ki = Ci ∪Aii+1 ∪Ci+1 for i = 1, . . . , n− 1 and Kn = Cn ∪B1n ∪C1 and check easily that K1, . . . ,Kn is
a circular chain of subcontinua covering X. 
As examples of applications, one can directly see an S1-structure on the curve in Fig. 4 but it is harder to prove
that it has no I -structure using only the definition. Theorem 20 makes it easier. One can also use Theorem 21 to get a
much shorter proof that the Bell–Dickman counterexample [2] cannot be covered by a circular chain of more than six
subcontinua.
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6. -successors of graphs and some invariants of the likeness relation
While the previous sections dealt with locally connected successors of I or S1 in the order , it would also be
interesting to consider a more general problem.
Problem 22. Given a connected graph G find all X such that GX; in other words, determine those locally connected
continua which have a G-structure.
Observation 23. If T is an n-od and G is a graph with n end points and GX, then T X.
Proof. Choose a little bit smaller subgraph G′ ⊂ G with n end points. Then the quotient space G/G′ is a monotone
image of G homeomorphic to T , so T GX. 
Theorem 24. If a locally connected continuum X contains disjoint non-local-separating proper subcontinua
K1, . . . ,Km then X has a T -structure for some m-od T . Thus T X.
Proof. We refer to the proof of the first part of Theorem 11 which can be viewed as the “m = 1” case. We start with
choosing, for j = 1, . . . , n, mutually disjoint locally connected continua Y j1 ⊂ X = Y j0 such that Kj ⊂ intY j1 . As in
that proof, for any n ∈N and i = 1, . . . , n− 1, we get sequences of continua
• Y j1 ⊃ Y j2 ⊃ · · · ⊃ Y jn−1,
• Zji ⊂ Y ji \ Y ji+1 with bdY ji ⊂ Zji , and m chains
• {Cj1 , . . . ,Cjn} of subcontinua of Y j0 .
Observe that
⋂m
j=1 C
j
1 = (X \
⋃m
j=1 Y
j
1 )∪
⋃m
j=1 Z
j
1 is connected. Therefore the family{
m⋂
j=1
C
j
1 ,C
1
1 , . . . ,C
1
n, . . . ,C
m
1 , . . . ,C
m
n
}
establishes an m-od structure on X. 
Concerning relation G  X for cyclic graphs G, we formulate some invariants of the order  which provide
necessary conditions for such X. As we mentioned in Section 4, if X is a multicoherent continuum and X  Y , then
Y is multicoherent [9]. It is worth to notice that the original proof of this fundamental result can easily be modified to
yield a more general invariant of .
Fact 25. If a continuum X is the union of two subcontinua whose intersection has n components and X  Y , then the
continuum Y is the union of some two subcontinua whose intersection has at least n components.
Although other invariants we are going to show are very natural and there is a quite large literature concerning
similar topics (e.g. [8,9,12–14,16]), we could not easily derive them from known results.
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Lemma 26. Let X be an arcwise connected space and K1, . . . ,Kn ⊂ X be non-empty. Then there is a connected tree
G ⊂ X with Ki ∩G = ∅ for i = 1, . . . , n.
Proof. Pick up a point xi ∈ Ki , i = 1, . . . , n, and take an arc xjx1, j = 2, . . . , n, with its natural linear order from xj
to x1. Let x′3 be the first point in x3x1 belonging to x2x1, let x′4 be the first point in x4x1 belonging to x2x1 ∪ x3x′3, . . .
and let x′n be the first point in xnx1 belonging to x2x1 ∪ x3x′3 ∪ · · · ∪ xn−1x′n−1. Finally put G = x2x1 ∪ x3x′3 ∪ · · · ∪
xnx
′
n. 
Theorem 27. If a space X is Y -like and GX ⊂ X is a graph (can be non-connected), then there exists a graph GY ⊂ Y
such that GX GY . Moreover, there is a one-to-one correspondence between simple closed curves in GY and in GX .
Proof. Denote by r1, . . . , rk all vertices of GX in a triangulation of GX . For each i = 1, . . . , k, take a connected
and open in GX neighborhood Ri of ri such that Ri ∩ Rj = ∅ for i = j . Let L1, . . . ,Lm denote all components
of GX \⋃ki=1 Ri . Note that Lj is an arc intersecting exactly two sets Rj ′ , Rj ′′ . Take  as in Lemma 1 for the
family {R1, . . . ,Rk,L1, . . . ,Lm} and consider an -map f :X → Y . For each i = 1, . . . , k, by Lemma 26, there is a
connected tree Ti ⊂ f (Ri) which intersects all non-empty sets of the form f (Ri) ∩ f (Lj ). For each j = 1, . . . ,m,
let Mj ⊂ f (Lj ) be an irreducible arc joining Tj ′ , Tj ′′ . Define GY = T1 ∪ · · · ∪ Tk ∪ M1 ∪ · · · ∪ Mm and observe that
GY is a graph. Moreover, shrinking all Ti ’s to points, we obtain a graph homeomorphic to GX therefore GX is the
monotone image of GY , hence GX GY . Since the monotone map from GY onto GX has acyclic fibers (points and
trees Ti ), it establishes a one-to-one correspondence between simple closed curves in GY and in GX . 
Corollary 28. If a space X is Y -like and contains n simple closed curves, then Y contains at least n simple closed
curves.
Proof. By Theorem 27, it suffices to observe that the union S1 ∪ · · · ∪ Sn of simple closed curves in X contains a
graph GX with n simple closed curves. It is because if the union is not a graph then, for some i, j ∈ {1, . . . , n}, the
intersection Si ∩ Sj has infinite number of components, hence in the union Si ∪ Sj one can find infinite number of
disjoint simple closed curves. 
It follows from Corollary 28 that if X contains infinitely many simple closed curves and X is Y -like, then Y also
contains infinitely many simple closed curves, but nothing can be said, in general, about their mutual positions—see
Fig. 5.
Recall that a continuum is completely regular if each of its nondegenerate subcontinua has the non-empty interior.
Completely regular continua are totally regular [4]. It is easy to get a completely regular curve which can be mono-
tonely mapped onto arbitrary connected graph. Since the family of all connected graphs is countable, they can be
arranged in a null sequence of disjoint graphs attached to an arc at single points (like Y in Fig. 5). The union of the arc
and the family is such a curve. Developing this construction and an idea of the example presented in Fig. 3, we can
get a curve X which is a -successor of every connected graph but it is not true that X can be monotonely mapped
onto each such graph.
2040 D. Cichon´ et al. / Topology and its Applications 155 (2008) 2031–2040Example 29. There exists a curve X satisfying the following properties:
(1) X is completely regular,
(2) X is the countable union of arcs,
(3) every proper subcontinuum of X locally separates X,
(4) X is a cyclic element,
(5) GX for each connected graph G,
(6) every point of X, except for one, has arbitrary small neighborhoods being k-ods, for some k > 1.
Proof. Let G be a connected triangulated graph with the set of vertices V and n ∈ N. Let a finite subset Vn of G
containing V intersect each edge of G in exactly n + 1 points. Define Gn = (G × {0,1}) ∪ (⋃v∈Vn{v} × [0,1]) (the
graph Gn is obtained from G by replacing its edges by n-ladders).
Let {G1,G2, . . .} be the collection of all connected graphs. Arrange the family {Gnk : k,n ∈N} in a null sequence of
disjoint graphs H1,H2, . . . (i.e., limi→∞ diamHi = 0) attached to a given circle S along arcs converging to a (single)
point of S. Finally, put X to be the union of S and all the attached Hi ’s.
The sequence G1,G2, . . . can be regarded as a subsequence of H1,H2, . . . . If we shrink to points all graphs Hi
different from G1,G2, . . . , we obtain a curve X′ homeomorphic to the union of S and the attached graphs G1,G2, . . . .
For example, if G = I then X′ is pictured in Fig. 3; following the idea of that example, we can prove that X′ has a
G-structure. Thus GX′ X. Other properties of X are straightforward. 
References
[1] P.S. Aleksandrov, Über den allgemeinen Dimensionsbegriff und seine Beziehungen zur elementen geometrischen Anschauung, Math. Ann. 98
(1928) 617–636.
[2] H. Bell, R.F. Dickman Jr., A counterexample to a conjecture of A.H. Stone, Proc. Amer. Math. Soc. 71 (1978) 305–308.
[3] C.E. Burgess, Chainable continua and indecomposability, Pacific J. Math. 9 (1959) 653–659.
[4] R.D. Buskirk, J. Nikiel, E.D. Tymchatyn, Totally regular curves as inverse limits, Houston J. Math. 18 (1992) 319–327.
[5] R. Camerlo, U.B. Darji, A. Marcone, Classification problems in continuum theory, Trans. Amer. Math. Soc. 357 (2005) 4301–4328.
[6] R.F. Dickman Jr., Multicoherent spaces, Fund. Math. 91 (1976) 219–229.
[7] H. Kato, X. Ye, On Burgess’ theorem and related problems, Proc. Amer. Math. Soc. 128 (2000) 2501–2506.
[8] K. Kuratowski, Topology, vol. II, Academic Press–PWN, 1968.
[9] K. Kuratowski, S. Ulam, Sur un coefficient lié aux transformations continues d’ensembles, Fund. Math. 20 (1933) 244–253.
[10] W. Lewis, Observation on the pseudo-arc, Topology Proc. 9 (1984) 329–337.
[11] W. Lewis, Indecomposable continua, in: E. Pearl (Ed.), Open Problems in Topology II, Elsevier, 2007.
[12] S. Mardešic´, J. Segal, -mappings onto polyhedra, Trans. Amer. Math. Soc. 109 (1963) 146–164.
[13] H. Patkowska, A class α and locally connected continua which can be -mapped onto a surface, Fund. Math. 95 (1977) 201–222.
[14] H. Patkowska, On the quasi-homeomorphisms of compacta and their quasi-embeddability into manifolds, in: Proceedings of the International
Conference on Geometric Topology, PWN, Warszawa, 1980, pp. 337–341.
[15] J.W. Rogers Jr., Monotone maps and -maps, Topology Proc. 4 (1979) 533–540.
[16] J. Segal, Quasi-dimension type. II. Types in 1-dimensional spaces, Pacific J. Math. 25 (1968) 353–370.
[17] P. Spyrou, Coverings of Continua with Finitely many Ramification Points, Colloquia Math. Soc. János Bolyai Topics Topol., vol. 55, Pécs,
1989.
[18] P. Spyrou, Finite linear coverings of locally connected continua, Period. Math. Hungar. 25 (1992) 263–267.
[19] G.T. Whyburn, Decompositions of continua by means of local separating points, Amer. J. Math. 55 (1933) 437–457.
[20] G.T. Whyburn, Analytic Topology, Amer. Math. Soc., 1942.
